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Densest subgraph discovery (DSD) is a fundamental topic in graph mining. It has been extensively studied in
the literature and has found many real applications in a wide range of fields, such as biology, finance, and
social networks. As a typical problem of DSD, the k-clique densest subgraph (CDS) problem aims to detect
a subgraph from a graph, such that the ratio of the number of k-cliques over the number of its vertices is
maximized. This problem has received plenty of attention in the literature, and is widely used in identifying
larger “near-cliques”. Existing CDS solutions, either k-core or convex programming based solutions, often
need to enumerate almost all the k-cliques, which is very inefficient because real-world graphs usually have a
vast number of k-cliques. To improve the efficiency, in this paper, we propose a novel framework based on
the Frank-Wolfe algorithm, which only needs k-clique counting, rather than k-clique enumeration, where
the former one is often much faster than the latter one. Based on the framework, we develop an efficient
approximation algorithm, by employing the state-of-the-art k-clique counting algorithm and proposing some
optimization techniques. We have performed extensive experimental evaluation on 14 real-world large graphs
and the results demonstrate the high efficiency of our algorithms. Particularly, our algorithm is up to seven
orders of magnitude faster than the state-of-the-art algorithm with the same accuracy guarantee.
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1 INTRODUCTION

Densest subgraph discovery (DSD) is a fundamental topic in graph mining that has been extensively
studied in recent years [3, 6, 11, 23, 44, 46, 49, 56, 58, 61]. It has found various applications in a
wide range of fields, including biology [16, 25, 32, 52], finance [13, 20], and social network analysis
[4, 15, 27, 28, 36, 67, 68]. The classic DSD problem [29] aims to find the subgraph with maximum
edge-density, or the number of edges over the number of vertices within the subgraph, which
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Fig. 1. An example of the k-clique densest subgraph.

is often called the edge-density-based densest subgraph (EDS). Recently, this problem has been
generalized as the k-clique densest subgraph (CDS) problem [22, 23, 31, 38, 42, 47, 53, 56, 60], aiming
to find the subgraph with the highest k-clique-density, which is the ratio of the number of k-cliques
over the number of vertices in it. Note that since an edge can be considered as a 2-clique, the EDS
problem is a special case of the CDS problem with k=2. For example, in Figure 1, the 3-clique density
of the subgraph induced by {uvy, - - - ,vs} (in shaded region) is % since there are seven 3-cliques
and five vertices in it, and it is actually the 3-clique densest subgraph because there is no other
subgraph with 3-clique-density larger than %

The CDS problem has found various real-world applications [22, 23, 31, 38, 42, 47, 56, 60]. For
example, as shown in [22, 38, 42, 47, 60], the CDS can be used to detect “near-cliques”, and when k
gets large, it is more likely to capture useful “near-cliques”, which can help discover biologically
relevant functional groups [16, 35, 60, 61], find social communities [4, 12, 61], and detect anomalies
[26, 57, 66]. In many of these applications, finding a “near-clique” is very important since a “near-
clique” can be considered a clique in the forming stage or one with missing edges due to data
corruption. For example, in protein-protein and gene-gene interaction graphs, proteins within
each functional group interact with most of the rest, possibly forming a near-clique [61]; In large
social networks (e.g., Facebook), large near-cliques are useful for detecting fake news [66]. Besides,
finding CDS is very useful in many graph data mining applications. Specifically, it can help identify
research communities in the DBLP network [23, 60, 61], detect subnetworks with a specific function
in the biology network [23] and clusters in senators’ networks on US bill voting [23, 60], and
discover compact dense subgraphs from e-commerce and social networks [53] when k is relatively
small.

Prior works. While the CDS is very useful in practice, it is computationally costly, in both time
and space, especially for large graphs. In the literature, various exact and approximation algorithms
have been developed to solve the CDS problem. The exact algorithms are often based on maximum
flow [29, 47, 60], k-core [23], and convex programming [19, 31, 56]. The approximation algorithms
include peeling based [9, 11, 60], k-core based [23, 43], and convex programming based algorithms
[19, 31, 56]. The state-of-the-art algorithms are KClist++ [56] and SCTL [31], both of which are
based on convex programming.

The core idea of KC1ist++ is that the vertices present in a larger number of k-cliques are more
likely to be included in the CDS. In KC1ist++, it first assigns a weight r(v) to every vertex v in the
graph, where r(v) = 0 initially. Then, it enumerates all the k-cliques in the graph for T iterations,
and for each k-clique, it increases the minimum vertex weight in it by one. After that, KC1list++
uses the vertex weights to derive a (1 + €)-approximation solution (¢ > 0), or extracts an optimal
solution from them by verifying optimality using max-flow. Here, the approximation ratio is defined
as the density of CDS over that of the returned subgraph. However, KClist++ is not scalable for
large k values and large-scale graphs, because, in each iteration, it needs to repeatedly enumerate
all the k-cliques from the graph, which is a well-known NP-hard problem [14, 18, 34].
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Fig. 2. Trends of clique counts on nine real graphs.

To alleviate the above issues, SCTL builds an index structure to speed up the k-clique enumeration
process, by borrowing the succinct clique tree (SCT) from PIVOTER [34], which is the state-of-the-art
algorithm for counting all k-cliques in a graph. To enumerate k-cliques, SCTL constructs an SCT to
maintain a unique representation of all k-cliques, whose size is much less than the space of storing
all k-cliques, allowing the SCT to be kept in the memory. By using the SCT and some optimization
techniques, SCTL achieves higher efficiency than KC1ist++. Nonetheless, in each iteration, SCTL
still needs to enumerate all the k-cliques in the worst-case to update vertex weights, making its
running time proportional to the number of k-cliques in a graph.

As shown in Figure 2, the numbers of k-cliques in real-world graphs increase dramatically even
for relatively small values of k. For instance, on the DBLP co-authorship network, which consists of
0.31 million of vertices and 1.04 million of edges, there are over 10'® 15-cliques and 10 36-cliques.
Hence, enumerating almost all k-cliques is extremely costly. On the other hand, an interesting fact is
that counting all the k-cliques is remarkably fast by PIVOTER [34]. For example, on the above DBLP
co-authorship network, PIVOTER only requires 100ms to count all the k-cliques where k ranges from
1 to the maximum value 113, while the state-of-the-art k-clique enumeration algorithm KClist
[18] needs at least two weeks to list all the k-cliques with a single k = 9. Hence, this motivates us
to think about one natural question: Can we find a near-optimal CDS efficiently based on k-clique
counting, rather than k-clique enumeration? In this paper, we show that it is possible to achieve this.

Our technical contributions. We propose a simple yet effective Frank-Wolfe-based framework
by using k-clique counting, rather than k-clique enumeration, which is often used by existing CDS
algorithms [23, 31, 56]. The Frank-Wolfe algorithm works in an iterative manner. It first assigns a
weight r(v) to every vertex v in the graph, which is initialized to the number of k-cliques containing
v divided by k. Then, in each iteration, for each k-clique, it finds the vertex v with the minimum
weight, and then updates its weight r(v). By deeply analyzing the Frank-Wolfe algorithm, we
find that in each iteration, the change of r(v), where v is the vertex with minimum weight, can be
calculated by using the number of k-cliques containing v. Based on the observation, we develop
a novel framework by using a k-clique counting algorithm. The framework not only produces
a near-optimal solution but also theoretically achieves a faster convergence rate than existing
approaches.

Following the framework above, we employ the state-of-the-art k-clique counting algorithm
PIVOTER. Besides, we propose a simultaneous weight update strategy to speed up the convergence,
which assigns a more balanced distribution of weights among all vertices, allowing the algorithm
to obtain the optimal solution quickly. We also design two ordering strategies to further boost
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Table 1. Complexities of representative CDS algorithms.

Algorithm Space complexity Time complexity
KClist++ [56] O(m) O(Tkm - (3)k=2)
SCTL [31] O(n-3%/%) O(n -3 + Tk - [¥(G)|)
KCCA (ours) O(n-3%/%) O(Tn - 3% . §log &)

* Note: n and m are the numbers of vertices and edges in the graph G
respectively, and § denotes the degeneracy of G.

* T is the number of iterations, and | ¥4 (G)| denotes the number of
k-cliques in G.

efficiency. By combining the techniques above, we develop an efficient (1+€) k-clique counting-
based approximation (KCCA) algorithm, where € > 0. As shown in Table 1, a notable feature of KCCA
is that its time complexity is independent of both the number of k-cliques in the graph and the
value of k, so it is able to efficiently find the CDS for an arbitrary k-clique on large graphs.

Extensive experimental evaluations on 14 real-world large graphs show that KCCA achieves higher
efficiency and scalability than the state-of-the-art algorithm on all datasets. Particularly, it is up to
seven orders of magnitude faster than the state-of-the-art algorithm on the DBLP co-authorship
network. Besides, it produces a near-optimal solution on all graphs. For instance, after 10 iterations
on the Friendster graph—a social network with billions of edges—KCCA achieves an approximation
ratio of 1.01. We have released the source codes and datasets of our work !.

In summary, our main contributions are as follows.

e We propose a simple yet effective framework to break the bottleneck of existing CDS algo-
rithms, by using k-clique counting, rather than k-clique enumeration. Our framework not
only achieves a near-optimal solution, but also theoretically offers a faster convergence rate.

e Based on the framework above, we develop an efficient CDS algorithm by employing the state-
of-the-art k-clique counting algorithm. We further propose some non-trivial optimization
techniques to boost the efficiency.

e We conduct experiments on 14 real-world large graphs to demonstrate the efficiency and
scalability of our algorithm.

Outline. We introduce the preliminaries in Section 2. Section 3 analyzes the limitations of state-
of-the-art algorithms. We introduce our framework in Section 4, and present our KCCA algorithm
in Section 5. The experimental results are reported in Section 6. We review the related works in
Section 7 and conclude in Section 8.

2 PRELIMINARIES

In this section, we first present the formal definition of the CDS problem and then introduce its LP
formulations.

2.1 Problem definition

In this paper, we consider an unweighted and undirected graph G=(V, E), where V and E are the
sets of vertices and edges in the graph, respectively. Denote by n = |V| and m = |E| (m > n) the
numbers of vertices and edges in G respectively. Given a vertex set S, we use G[S] = (S, E(S)) to
denote the subgraph of G induced by S, where E(S)= {(u,v) € E | u,v € S} denotes the set of edges
in G contained in S. For a given graph H, we also denote its sets of vertices and edges by V(H) and
E(H), respectively.

!https://github.com/forxenn/KCCA
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Table 2. Notations and meanings.

Notation ‘ Meaning
G = (V,E) | agraph with vertex set V and edge set E
G[S] the subgraph of G induced by vertices in S
¥.(G) the set of k-cliques in G
¥ (v,G) | the set of k-cliques containing v in G
Di(G) the k-clique densest subgraph of G
pr(H) the k-clique density of subgraph H
r(v) the weight of vertex v
af the weight assigned to v from clique C
Sk (G) an approximate k-clique densest subgraph of G
r a root-to-leaf path in SCT
P(T) the set of pivot vertices under the root-to-leaf path T
H(T) the set of hold vertices under the root-to-leaf path I'

A k-clique is a complete graph with a set C of k vertices where there is an edge between every
pair of vertices. In the case without ambiguity, we simply refer to a k-clique by its set of vertices.
We use Pi (G) to represent the set of k-cliques in G. Denote by ¥ (G) = {C € V | C is a k-clique of
G}. For each vertex v € G, we use ¥, (v, G) to denote the set of k-cliques containing v in the graph
G (k = 3). We summarize the frequently used notations in Table 2.

We now formally present the definition of k-clique density.

DEFINITION 1 (k-CLIQUE DENSITY [23, 31, 47, 56, 60]). Given a subgraph H of a graph G and a
positive integer k, the k-clique density of H, denoted by py.(H), is the average number of k-cliques per
vertex in H, i.e.,

| (H)|

pr(H) = V|

(1)

DEFINITION 2 (k-CLIQUE DENSEST SUBGRAPH [23, 31, 47, 56, 60]). Given a graph G and a positive
integer k, a subgraph H of G is the k-clique densest subgraph, denoted by Dy (G), if H has the
maximum k-clique density among all subgraphs of G.

When k=2, D,(G) is the classic densest subgraph [29] that maximizes the edge-density, i.e., the
average number of edges per vertex within the subgraph. In this work, we mainly focus on the
cases when k > 3, and study the (1 + €)-approximation solution (¢ > 0). Here, the approximation
ratio is defined as the k-clique density of CDS over that of the returned subgraph. Next, we formally
present the definition of CDS problem [22, 23, 31, 38, 42, 47, 53, 56, 60].

ProBLEM 1 (CDS PROBLEM [22, 23, 31, 38, 42, 47, 53, 56, 60]). Given a graph G and an integer
k > 3, the k-clique densest subgraph (CDS) problem aims to find the k-clique densest subgraph Dy (G)
inG.

ExAMPLE 1. In the graph G of Figure 1, there are ten 3-cliques, i.e., C; = {v1,0s, 06}, C2 = {v2, 04,05},
-+, Cy9 = {v7,0s,010}. The subgraph H of {v,, vs, vs,vs, 06} contains seven 3-cliques, so its 3-clique
density is % Clearly, H is the 3-clique densest subgraph since no other subgraph has a higher 3-clique
density.
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2.2 The CP formulations of CDS problem
We first present the LP formulation of CDS problem [63]:

LP(G, k) max Z y©
Ce¥r(G)
s.t. Vo € C,y° < x,, VC € ¥(G)
Z Xy < 1,
veV
y© > 0,x, > 0, VC € ¥(G),Yo € V
The Lagrangian dual DP(G, k) of the LP(G, k) is as follows [56]:
DP(G, k) min max r(v)
IS
s.t. r(v) = Z a$, YoeV
Ce¥ (v, G)
Z oS =1, VC € ¥.(G)
veC
Vo e C,af >0, VC € ¥ (G)

where af indicates the weight assigned to v from a clique C containing it, and r(v) is the weight
sum received by v from all the k-cliques containing v. Here, we introduce a new vector r:

r=[r(@) r(o) - r(o)]

We observe that ||r||c = max,cy r(v), which means that the objective function of DP(G, k) is:
min ||r||«. The intuition of DP(G, k) is that each k-clique tries to distribute its weight, i.e., 1, to all
its k vertices such that the received weights by all the vertices are as even as possible. Notice that in
the CDS D (G), it is possible to distribute all cliques weights such that the weight sum received by
each vertex is exactly px (Dx (G)), meaning that each vertex v € V(Dy(G)) has r(v) = pr(Dr(G)).

3 TWO STATE-OF-THE-ART ALGORITHMS

In this section, we review the two state-of-the-art CDS algorithms KClist++ [56] and SCTL [31]
and further analyze their limitations.

3.1 TheKClist++ algorithm

The well-known Frank-Wolfe algorithm [19, 33] can be used to solve the CP(G, k) formulation in
Section 2.2, by considering a hyper-graph with the same vertices and the k-cliques as the hyperedges
[56]. A naive algorithm based on the Frank-Wolfe algorithm is presented in Algorithm 1 [56].

Specifically, for each k-clique C = {01, 05, -+ , 0%}, it maintains k weight variables aC, af

Coal, -,
afk. For each vertex v, it assigns a variable r(v) for storing the weight sum over all the k-cliques

containing it. First, it initializes avc(o) = % for each vertex v in each k-clique C and r(v) = |¥ (v, G)|/k
for each vertex v (lines 1 - 2). Then, update the weights using a for-loop (lines 3-11). In each iteration,
for each k-clique C = {v1, 02, - - , g} in G, it first finds the vertex x with the smallest r values in C,
and then updates each vertex v’s EUC, ie., b?vc is1ifv = x, or 0 if v # x (lines 4-7). Then, the a®)
values of all vertices are computed as a convex combination by a*~") and @ (lines 8-10). Next, for
each vertex v, r(v) is updated as the weight sum over all the k-cliques containing it (line 11).
Intuitively, the vertices with higher weights are more likely to appear in Dy (G), since they are

contained by more k-cliques. Thus, the subgraph induced by the first s* vertices with the largest
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Algorithm 1: A naive Frank-Wolfe based CDS algorithm
input :A graph G and two positive integers k and T
output: An approximate CDS Sk (G)

1 foreach k-clique C € ¥.(G) do avc(o) — % Yo eC;

2 foreach v € V(G) do r(® (v) «— |¥.(v,G)|/k ;

3 foreacht «— 1,2,3,---,T do

4 foreach k-clique C € ¥ (G) do

5 X  arg mingec =D (v) ;
6 foreach v € C do
7 L o?z,c «— 1if v = x and 0 otherwise;

8 foreach k-clique C € ¥ (G) do

9 foreach v € C do

(2) (z=1) ~ q
10 tagt <—(l—)/t)-(xg[ +)/t-aUC,W1thyt:%;
u | foreacho € V(G) do r)(v) « Scey, (G)oec @S s

12 // Extract the k-clique densest subgraph

13 foreach 1 <i < |V(G)| do

14 v; < the vertex with the i-th highest weight in V(G);

15 G; « the induced subgraph of top-i highest weight vertices;

16 | yi— [¥ (0, Gi)l;

17 §¥ « argmaxi<s<n % Y1 Yis
18 return Si(G) « the subgraph induced by the first s* vertices;

weights is returned as an approximate solution on G (lines 12-18). It is proved [19] that if the
number of iterations T is “large enough”, then the vertices with the largest r values induce an exact
CDS.

The above algorithm needs to track the weight distribution to vertices of all k-cliques, requiring
O(k - |¥x(G)|) space cost. As shown in Figure 2, |¥; (G)| may be very large, so it is space costly. To
reduce the space cost, Sun et al. [56] proposed the KC1ist++ algorithm by only keeping track of
r(v), whose space cost is O(n).

Algorithm 2 presents KClist++. First, for each vertex v € V(G), it initializes r(v) = 0 (line 1).
Then, in each iteration, it enumerates all k-cliques in G by using KClist algorithm [18] (line 3),
and for each k-clique, it increases r(v) by one, where v with the smallest weight in it (lines 4-6). It is
noted that KC1ist++ will converge to the optimal solution after enumerating the k-cliques for “large
enough” iterations. Even within limited iterations, it is able to yield near-optimal approximation
results [56].

Limitation of KClist++. Although the space issue of directly using Frank-Wolfe algorithm
has been overcome, KClist++ is still very inefficient, since it needs to enumerate all the k-cliques
from scratch in each iteration, which is very time-consuming.

3.2 The SCTL algorithm
SCTL [31] follows the same framework of KClist++, but improves it from the following three
aspects:

(1) Index-based k-clique enumeration. To avoid enumerating the k-cliques in each iteration from
scratch, SCTL designs an index by utilizing the succinct clique tree (SCT) structure from
PIVOTER [34], which is a state-of-the-art algorithm for k-clique counting. Since SCT ensures
a unique representation of all k-cliques, SCTL archives all k-cliques, where each root-to-leaf
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Algorithm 2: KClist++ [56]
input :A graph G and two positive integers k and T
output: An approximate CDS Sk (G)
foreach v € V(G) do r(v) « 0;
foreacht «— 1,2,3,--- ,T do
¥ (G) « enumerate all the k-cliques in G by KClist [18];
foreach k-clique C in ¥;.(G) do
0 < argmingey (g) r(u);
L r(v) « r(v) +1;

w N =

(S

r(v) « r(v)/T, for eachv € V(G) ;
8 Si(G) « run lines 13-18 of Algorithm 1;
9 return Si(G) ;

<

path represents a clique, with the path depth indicating the clique size. When enumerating
k-cliques, SCTL traverses the index via the tree paths.
(2) Reduction of the search space. It is proved that D (G) must be located in a specific graph
partition, so SCTL can process each partition individually, thereby reducing the time cost.
(3) Batch enumeration of k-cliques. SCTL designs an optimization technique to handle some
k-cliques under the same root-to-leaf paths in a batch manner, which avoids enumerating all
the k-cliques one by one.

Limitation of SCTL. A major limitation of SCTL is that in each iteration, it has to enumerate
almost all the k-cliques, which is very costly. Although the enumeration process can be sped up by
the index, and some k-cliques may be skipped in the batch enumeration, it is still very inefficient
due to the overwhelming number of k-cliques in real-world large graphs. For instance, as shown in
Figure 2, the DBLP co-authorship network has around 6 x 10! 7-cliques and SCTL needs over 2
hours to finish a single iteration. However, when k = 36, there are around 10*° 36-cliques, which is
10 times larger than that of 7-cliques, making it impossible to find the corresponding CDS within
a reasonable time cost.

4 A COUNTING-BASED CDS FRAMEWORK

Asreviewed in Section 3, both the state-of-the-art algorithms SCTL and KClist++ need to enumerate
almost all the k-cliques to update the vertex weights in each iteration. On the other hand, real-world
graphs typically contain an exceedingly large number of k-cliques, so these algorithms require a
huge amount of time to find the CDS. To break this bottleneck, in this section we propose a simple
yet effective framework by using k-clique counting, rather than k-clique enumeration, to achieve a
near-optimal solution. In the following, we introduce the details of our framework.

Our framework is established based on a key observation on the naive Frank-Wolfe based CDS
algorithm in Section 3.1. Recall that in each iteration of Algorithm 1, for each k-clique C € ¥, (G),
the weight of 1 unit for C is distributed to a vertex v € C, where v has the minimum r(v) among all
vertices in C. Once all k-cliques in G have been processed in this fashion, one iteration is complete.

Particularly, in the ¢-th iteration, ('x\vc is defined as:

" {1 ifo = argmingec ) (w)
a, =

0 otherwise
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In this way, the updating of 7(v) is formulated as:
()
r®(v) = Z af
Ce¥ (v, G)
Based on the updating strategies above, we propose a new perspective to update r(v) as follows:

@
r (o) = Z a$

CG‘Pk(U, G)

(¢-1) —~
= D, G-yl Ty
Ce¥ (v, G)

=(1-y)- Z al My Z @

CE‘Pk(U, G) CE‘Pk(U, G)
=(-y) " Dy+y Y@y
Ce¥ (v, G)

In the context without ambiguity, we simply use 7(v) to denote the right-most term in the above

equation:
- ~C
Fo) = Y @ 2)
Ce¥ (v, G)
As a result, the above perspective of updating r(v) in the ¢-th iteration can be simplified as:

r@) =1 -y)-r" V() +y - T(0) ®3)
Clearly, if we know how to obtain 7(v), then we can directly update r*) (v). With a careful

investigation, we find that in fact, 7(v) is exactly equal to the number of k-cliques in G that contain
0, where r(t=1) (v) is the smallest value among all vertices in each k-clique, i.e.,

o) = Z {1 if v = arg min,cc =Y (u) @

Cete(s,G) 0 if otherwise

Consequently, in the ¢-th iteration, 7(v) can be easily derived by the following two steps: (1)
identifying all vertices whose r values are less than =) (v) and remove them from the graph; and
(2) counting all the k-cliques containing v in the reduced graph. Clearly, any arbitrary algorithm
designed for counting the k-cliques containing a specific vertex, also known as local k-clique
counting, can be applied to step (2). Based on the discussions above, we propose a general clique-

Algorithm 3: Our proposed framework

input :A graph G and two positive integers k and T
output: An approximate CDS Sy (G)

1 foreach v € V(G) do r'% (v) — |¥.(v,G)|/k ;

2 foreacht «— 1,2,3,---,T do

3 sort the vertices in V(G) by ascending r values ;

4 Yi — %; G’ « G;

5 foreach v € V(G) do

6 7(v) « the number of k-cliques containing v in G’;
7 r @« 1=y r V@) +y T(0);

8 remove v and its connected edges from G’ ;

9 Sr(G) « run lines 13-18 of Algorithm 1;
10 return S;(G)
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counting-based framework for CDS discovery, as shown in Algorithm 3, which simply replaces the
shadowed codes of Algorithm 1 by the steps above. Specifically, for each vertex v, we first initialize
r(v) as the number of k-cliques containing v divided by k, similar to that of Algorithm 1 (line 1).
Then, in each iteration, we first sort all the vertices in ascending order of their r values, set y;
to % and create a copy of G as G’ (lines 3-4). Next, for each vertex v, we compute the number
of k-cliques containing v in G’, and then update r(v) (lines 6-7). After that, we remove v and its
connected edges from G’ (line 8). Once all vertices in V(G) have been processed this way, one
iteration is finished. Finally, the approximate CDS can be derived using similar steps of Algorithm
1 (lines 9).

Clearly, both the time and space issues of the naive Frank-Wolfe algorithm have been addressed
because we do not need O (k - |¥;(G)|) space to keep track of the weight distribution to vertices
of all k-cliques, and we also do not need to enumerate all the k-cliques. Besides, our framework
follows the convergence of the Frank-Wolfe Algorithm, which is given by the following theorem:

THEOREM 4.1. Suppose A denotes the maximum number of k-cliques that share a vertex in G. In
Algorithm 3, fort > Q(W), we have 1]l — p(Dr(G)) < e.
Proor. The detailed proof is in Section A of our technical report [50]. O
Hence, Algorithm 3 is guaranteed to find a (1 + €)-approximation solution after Q(Al\y"—z(c)l)
€
iterations.

Notice that the theoretical iteration number of our framework is less than Q( log(1+1/ e)eAzl\P"(G) |\/E)

given by KClist++ [56] and SCTL [31]. In addition, an upper bound of the optimal k-clique density
can be derived in our framework based on the vertex weights similar to KC1ist++in [56]. Specifically,
the ||r||e is a decent upper bound, and tighter bounds can be derived via Lemma 13 in [56]. This is
useful in estimating the approximation ratio in practice when the exact solution is unavailable.

Graph G Initialize Iteration 1

@v@ Vg |V |V3 (Vg (Vg |V2 |V3 |y

P

ar:1000—100—

@2l—-]o oo |=]o0]|o0 |1
Ci={v,vv3} #()[0 |0 |0 |0 |1 |0 [0 |1
Cy={va,v3,va}  1(:)|1/3 |2/3 |2/3 |1/3 |7/9 |2/9 |2/9 |7/9

Fig. 3. An example for illustrating our framework.

ExXAMPLE 2. In the graph G of Figure 3, there are two 3-cliques, i.e., C; = {v1,05,03} and C; =
{v,v3,04}. We first initialize r(v1) = 1/3, r(v2) = 2/3, r(vs) = 2/3, and r(vs) = 1/3. After running
one iteration of Algorithm 3, &Z,Cll, (YZ,C;, b?z,c;, b?fzz, &%, and ﬁgf can be calculated. Afterwards, for each
v € V(G), we can compute 7(v), and update rV) (v) by using 7(v) and r®) (v). For example, r™V) (v;)

=(1-y) rO%) +yr - Tlo) =3 §+51=1

5 OURKCCA ALGORITHM

In this section, we first present a basic algorithm by employing the state-of-the-art local k-clique
counting algorithm PIVOTER [34] in our framework and then develop a faster optimized CDS
algorithm.

5.1 A basic algorithm based on PIVOTER

The key idea of PIVOTER is that it implicitly constructs a succinct clique tree (SCT) to maintain a
unique representation of all k-cliques. The SCT adapts the recursion tree of the Bron-Kerbosch
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algorithm for maximal chque enumeration (MCE) [59]. The Bron-Kerbosch algorlthm maintains
three disjoint sets R, C, and X in the recursive enumeration procedure, where Ris a clique, Cis a
set of candidates that can be added to R to form a larger clique, and X is a set of vertices that have
already been explored from C. To compress the recursion tree, a “pivot” vertex p is selected from
C UX in each recursive call. In this way, any maximal clique containing R must either include p or
a non-neighbor of p. Thus, the recursive calls on the neighbors of p can be skipped.

The SCT is built based on this recursion tree, where the non-neighbors of the pivot are called
the “hold” vertices. By assigning each vertex a unique label, either “pivot” or “hold”, each k-clique
can be uniquely represented. Such a tree-shaped index has a virtual root node  connecting all
second-level sub-trees. Each tree node stores the following information:

(1) Vertex id: The vertex stored in this tree node.

(2) Vertex label: The label of the stored vertex (“pivot” or “hold”), where the root node does not

have a label.

(3) Children: The pointers to the child tree nodes.

Each root-to-leaf path I is uniquely encoded by the pivot vertices (denoted by #(T')) and hold
vertices (denoted by H (T')) along the path [34]. In addition, we use V(T') denotes all vertices in T,
ie,V(T) =P () UH(T). The following lemma demonstrates how to count the number of k-cliques
in each root-to-leaf path.

LEMMA 5.1 ([34]). Given a root-to-leaf path T, each k-clique must contain all vertices in H(T') and

contain k — |H(T)| vertices in P (T'). Each vertex in P (T) on this path is contained by (kl—?l({l;)lj)]l—l)
[P(D)]

k-cliques and each vertex in H(T') is contained by (k—\(l-l(r)\) k-cliques.

Example 3 illustrates how to use SCT for local k-clique counting.

O hold
QO pivot

Fig. 4. The SCT for the graph in Figure 1.

ExAMPLE 3. Figure 4 shows the SCT of the graph in Figure 1, where each node shows the id of the
vertex it stores. For instance, to count the 3-cliques containing vs, we need to traverse two root-to-leaf
paths Ty = (root, vy, vs,v6,v3) and I, = (root, vs, vs, v6). For I, since it has one hold vertex and three
pivot vertices, there are (kqu({r()rl)_‘lfl) = (%) = two 3-cliques containing vs in Ty. Similarly, there is (3) =

one 3-clique containing vs in I,. In total, there are three 3-cliques containing vs.

Based on the discussions above, we can adapt the SCT for the local k-clique counting in our
framework. However, as stated in [31, 34], directly employing SCT for k-clique counting for a
specific k would result in numerous unnecessary searches, i.e., traversing the branches that are not
containing k-clique. In the wake of this, we propose three pruning criteria to avoid unnecessary
searches:

2To avoid ambiguity, we use “node” to represent “vertex” on the SCT, and use “vertex” to represent “vertex” in the graph.
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(1) For a vertex v, if cn(v) + 1 < k, where cn(v) is the core number® of v, then v is not contained
in any k-cliques.

(2) If a branch of SCT during its construction process has |CUR]| < k, then it does not contribute
to any k-cliques.

(3) For a root-to-leaf path T, if it has more than k hold vertices, then it can be skipped.

Here, we briefly discuss the above pruning criteria’s correctness. The first criterion holds because
v must reside in the (k — 1)-core to be contained in any k-clique. The second pruning criteria is very
straightforward. For the last one, since any clique that can be counted from a path I' must contain
all its hold vertices, we can skip the path if it has more than k hold vertices when counting the
k-cliques. By incorporating these three criteria, we develop a basic CDS algorithm by employing
PIVOTER, denoted by KCCA-Basic, as shown in Algorithm 4.

Algorithm 4: KCCA-Basic
input :A graph G and two positive integers k and T
output: An approximate CDS Sk (G)
foreach v € V(G) do r(® (v) — [ Y% (0, G)| /K ;
2 G « locate G into a (k — 1)-core // obtain a small graph;
3 SCT « build_SCT(G) // build the SCT for G;
4 foreacht «— 1,2,3,---,T do

[

5 Ye — %;?(v) «— 0 foreachv € V(G) ;
6 foreach root-to-leaf path T € SCT do
7 while P(T) # 0 do
8 0 ¢ arg mingey/(T) r(t_l)(u) ;
9 if v € H(T) then
= = P(T
10 r(v) < 71(v) + (k‘—l‘;{()rl)l) ;
11 break;
- = P(r)|-1
12 7(v) « 7(v) + (k|—|7(—l()r|)|—1) ;
13 | P(T) « P(D)\{o};
14 foreach v € V(G) do
5| | D@« -y rD () +yr - Fo)

16 Sk (G) « run lines 13-18 of Algorithm 1;
17 return Si(G)

Similar to Algorithm 1, KCCA-Basic first initializes r(© (v) for each vertex v (line 1). Then, it
locates the (k — 1)-core since the CDS must be contained by it, and builds the SCT for it (lines 2-3).
Next, it uses SCT to update the weight of each vertex. Specifically, in each iteration, it first sets y; to
%, and 7(v) to 0, which is used to record the number of k-cliques in G containing v, where v with
the smallest r value among all vertices in each clique (line 5). In the ¢-th iteration, we traverse all
the root-to-leaf paths in SCT to calculate the number of k-cliques containing each vertex v in V(G),
where =1 (v) is the smallest value among all vertices in each k-clique. For each such path T, the
number of k-cliques that include each vertex in V(I') is calculated by lemma 5.1. Then, it computes
7(v) for each vertex v (lines 6-13). Once all paths in SCT are processed, it updates r(*) (v) for each

vertex v € V(G) (lines 14-15). Finally, the CDS is extracted following similar steps of Algorithm 1.

3The core number of v is the largest k such that there exists a k-core containing v. Here, k-core is a subgraph where each
vertex has at least k neighbors in the subgraph.
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ExampLE 4. Continue Example 3 where k = 3. Figure 5 shows the vertex weight update process in
KCCA-Basic. The first row shows the initialized vertex weights r'®) (v). The second row shows the
weights of 7(v) before processing the root-to-leaf path Ty = (root, vy, vs, vs, v3). The following rows
show 7(v) when processing the path I'1. The seven shaded boxes contain the weights of vertices on
this path, and the red boxes contain the weights of vertices that have just been increased. Since vs has
the minimum weight among {vs, vs, v6, v3} in the first row and vs € P (I1), vs’s weight is updated by
the number of cliques containing it in this path, i.e., (33111) = 2. Afterwards, vs is removed from the
above set. Since vy has the minimum weight among vertices {vy, vs, v} and vy € H(I}), vy’s weight is
updated as (,°,) = 1.

vy | vy (V3 |y | Vs | Ve | V7 | Vg | Ve |V10

weights of 7@ (-)|1/3 (5/3 | 1 | 1 | 2 | 2 |2/3(2/3|1/3 |1/3
weightsof #(:)| 1 [0 | 0O |0 | O [0 0010
process {v,,vs,v6,v3}| 1 |0 [ 2 |0 |0 | O 0|00
process {v,,vs,v6}| 1 [ 1 |2 |0 [ O [ O 0010

Fig. 5. lllustrating the weight update of KCCA-Basic.

In the following, we prove the correctness of the Algorithm 4. Denote by & (T') the set of cliques
on a root-to-leaf path I":
&M= | HOUXY 5)
XCP(T)
where |H(T)| + |X]| = k.
We present a key lemma from [34] and use it to show the correctness.

LEMMA 5.2 ([34]). For each k-clique C € ¥ (G), there exist one and only one pathT € SCT such
that C € ¢ (T) .

THEOREM 5.3. Given a graph G, in t-th iteration (t > 1), Algorithm 4 correctly computes the 7(v)
for each vertexv € V(G).

Proor. W.lo.g., suppose both Algorithms 1 and 4 break ties for vertices with the same r(v)
values using vertex id. Recall that 7(v) is defined in Equation (2). Based on the Lemma 5.2, 7(v) can
be computed by the equation below:

F(0) = &

TeSCT:Ce &k (T):weC

B 1 ifo = argmingecrV (u)

[eSCT:Ce &y (T):weC {O if otherwise

Thus, we only need to enumerate all the root-to-leaf paths containing v to obtain 7(v). Besides,
for each such path T, if there exists a vertex with a weight smaller than r*~Y (v) in H(I), we
cannot find a k-clique C containing v where v has the smallest weight in C. If vertices in P (T')
have weights smaller than r(*~1) (v), then any k-clique C € &(T') containing these vertices will not
contribute to 7(v). As a result, we can use the combination rule in Lemma 5.1 to calculate 7(v).
The lines 6-13 in the Algorithm 4 exactly show the steps of achieving this. Hence, the theorem
holds. O

Remark. KCCA-Basic is a realization of our framework (refer to Algorithm 3), where PIVOTER
is only used for local k-clique counting (i.e., step (2) of our framework). It is because our framework
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updates a vertex v’s weight r(v) based on the number of k-cliques containing v. Note that any other
local k-clique counting algorithms can be easily applied to our framework.

5.2 Our optimized algorithm KCCA

While KCCA-Basic is faster than KClist++ and SCTL for processing each iteration, it often requires
more iterations to achieve the same approximation ratio with KClist++, as shown in our later
experiments. To reduce the number of iterations, we devise a simultaneous update weight strategy
coupled with two update orderings.

¢ Simultaneous weight update strategy. Most of the existing iteration-based algorithms
[40, 41, 43, 54, 56] utilize a simultaneous (or asynchronous) update strategy to speed up the
convergence. The key idea is that in each step, we utilize the latest updated elements of the solution
to compute subsequent elements within the same iteration. For readers who are familiar with
linear algebra, there is a perspective [10, 51] explaining the idea: the sequential (synchronous) and
simultaneous (asynchronous) algorithms are analogous to Jacobi and Gauss-Seidel iterations for
iterative solvers, respectively. Inspired by the idea above, we develop a simultaneous weight update
strategy for KCCA-Basic. Specifically, within each iteration, if a vertex v’s weight r(v) changes, and
the updated vertex weight is promptly visible to subsequent updates of other vertices in the same
iteration. The simultaneous weight update strategy enables a more balanced weight distribution
among vertices, making our algorithm converge faster, as all the vertices in the densest subgraph
have the same vertex weight upon convergence.

e Update orderings. In both KClist++ and SCTL, a more random k-clique visiting order benefits
the convergence to the optimal solution [31, 56]. However, this is not always true in our framework,
as shown in our experiment. To reduce the number of iterations, it is better to make the weight
distribution more balanced. In light of this, we prefer to process root-to-leaf paths containing more
k-cliques first, by proposing two update orderings strategies:

(1) Depth order: assign higher priority to root-to-leaf paths with deeper depths since they tend

to contain more k-cliques.

(2) Degeneracy order: assign higher priority to root-to-leaf paths whose root nodes have higher
degeneracy values (i.e., core numbers), since higher degeneracy values also imply more
k-cliques.

By combining the above optimization techniques, we develop an optimized algorithm KCCA, as

shown in Algorithm 5.

As shown in Algorithm 5, there are two major differences between KCCA and KCCA-Basic: (1)
KCCA processes the root-to-leaf paths of SCT following a fixed order (line 2), which can make it
converge faster. (2) In each iteration, when a vertex v’s weight r(v) changes in KCCA, the updated
vertex weight is immediately applied to subsequent updates within the same iteration (lines 10-13),
while KCCA-Basic considers it in the next iteration.

From a theoretical perspective, KCCA needs more iterations than KCCA-Basic to achieve the same
approximation ratio solution. However, in practice, KCCA always converges faster than KCCA-Basic.

ExampLE 5. Continue with Example 3 where k = 3. For each vertex v in the graph, since r(v) can
be randomly initialized, we simply set r(v) = 0. Then, we update vertices’ weights by random order
(corresponding to vertex ids), degeneracy order, and depth order, respectively, and report the results
after one iteration in Figure 6, where boxes shaded in red represent the vertices selected in the solution
(using lines 13-18 of Algorithm 1). Notably, the degeneracy and depth orders result in a subgraph
induced by {v,, v3, vy, vs, Vs } With density % in one iteration. However, for the random order, it induces
a subgraph with density 1 due to an imbalance in their assigned weights.

To show the complexity of KCCA, we first introduce the complexity of PIVOTER.
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Algorithm 5: KCCA

input :A graph G and two positive integers k and T
output: An approximate CDS Sk (G)
run lines 1-3 of Algorithm 4;

-

2 SCT « reorder SCT by depth order or degeneracy order ;
3 foreacht «— 1,2,3,---,T do

4 Vi — % ;

5 foreach v € V(G) do

6 L r®(v) « (1- Ye) - rt=D(p) ;

7 foreach root-to-leaf path T € SCT do

. while £(T) # 0 do

' v argmingcy(r) #(2) (u) ;

1 if o € H(T) then

. r® @) —r® @) +y; - (k‘—ﬁ)';{?r')l) ;
" break;

; r® @) — r® ) +y; - (klf?;{r()rl)_lil) ;
u | P(T) «PD)\{v};

15 Sg(G) « run lines 13-18 of Algorithm 1;
16 return Si(G)

vy |V |3 |V |Us (Ve |V7 [V |Vo V10
randomorder|1 |3 |1 |2 (1 [0 (1 |1 [0 |0

degeneracyorder [1 [2 |1 |1 (2 |1 ]1 |10 |0

depth order 112 |2 (|1 |1|1|1|0]|0]|1

Fig. 6. lllustrating different update orders.

LEMMA 5.4 ([34]). Given a graph G with n vertex and degeneracy (i.e., the maximum core number)
of 8, the time and space complexity used for building SCT are both of O(n - 3%/*) and the SCT contains
O(n - 3% nodes.

LEMMA 5.5. Given a graph G with degeneracy of §, the maximum depth of the SCT of G is O(5).

Proor. The depth of each root-to-leaf path on the SCT is the size of the clique formed by all
nodes in the path. On the other hand, the size of any clique in G cannot exceed § + 1. Hence, the
lemma holds. O

Based on the above two lemmas, we can derive the following Theorem:

THEOREM 5.6. Given a graph G with n vertices and degeneracy of 8, KCCA cost O(n - 3%/%) space
and the time complexity for each iteration is O(n - 39/ - §log §).

Proor. The process of each path takes O(8 log §) time, as each path has O(8) nodes by Lemma
5.4. Besides, the SCT of G contains O(n - 3%/%) root-to-leaf paths, as it contains O(n - 3%/%) nodes
by Lemma 5.5. Hence, the theorem holds. O

The complexity of KCCA does not depend on k, the clique size, unlike KClist++ and SCTL which
scale with k. The detailed complexity comparison of the three algorithms is shown in Table 1. Note
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Table 3. Approx. ratios of representative CDS algorithms.

Algorithm ‘ approx. ratio ‘ # iterations
KClist++[56] | (1+e) | g(letst/onm@)ik,
SCTL [31] ‘ (1+¢) ‘ Q(log(1+1/e)4|\1fk(c)\\/2)
KCCA-Basic (ours) | (1+¢) | QAN
KCCA (ours) \ (1+e€) ‘ Q(AWG)M)

* Note: € is the given approximation ratio, A is the maximum number
of k-cliques that share a vertex in G, and |¥; (G)| denotes the number
of k-cliques in G.

that KCCA-Basic shares the same complexity as KCCA, since they only use different update orders
and strategies.

Next, we analyze the convergence rate of KCCA. Since KCCA updates its variables simultaneously
and it is not a gradient-descent-like algorithm, we need analysis methods different from the one
used in Section 4. For lack of space, we present the detailed proof in Section A of our technical
report [50].

THEOREM 5.7. Suppose A denotes the maximum number of k-cliques that share a vertex in G. In

Algorithm 5, fort > Q(w) we have ||r||e — px(Dr(G)) < e.

Hence, Algorithm 5 is guaranteed to find a (1 + €)-approximation solution after Q(
iterations. Besides, from a theoretical perspective, KCCA needs more iterations than KCCA-Basic to

AM(G)NE)
62

achieve the same approximation ratio solution. However, in practice, KCCA always converges faster
than KCCA-Basic, since KCCA can make a more balanced vertex weight distribution. The detailed
relationship between the approximation ratio and the required number of iterations in the worst
case for the four algorithms is shown in Table 3.

5.3 Limitations

While KCCA has achieved remarkable performance on the CDS problem, it still has some limitations.
Since our algorithm employs local k-clique counting from PIVOTER, it inherits PIVOTER’s limitations.
A key limitation is that SCT costs O(n - & - 3%/3) time for local counting, and has O(n - 3%/%)
nodes, where n and § are the numbers of vertex and degeneracy of the graph respectively. For the
LiveJournal dataset with n=4M and §=360, KCCA is costly in both time and space. As shown in Table
1 of [34], the local counting version cannot finish within the time limit on LiveJournal, which is
much slower than global counting (6 days for global 10-clique counting [34]). Thus, the results
of PIVOTER on LiveJournal in [34] suggest that the KCCA has its limits for real datasets with high
degeneracy values. In addition, all CDS algorithms’ complexity has an exponential relationship
with J, indicating that all algorithms (including KCCA) are not suitable for these datasets. Moreover,
if any new algorithms for local k-clique counting are proposed, our framework can easily adapt
these algorithms to achieve better performance.

6 EXPERIMENTS

We now present the experimental results. Section 6.1 discusses the setup. We discuss the results in
Sections 6.2 and 6.3.
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Table 4. Datasets used in our experiments.

119:17

Dataset Category ‘ V| ‘ |E| ‘ 5 ‘ K
bio-SC-GT Biological 1,716 31,564 60 48
econ-beacxc Economic 507 42,176 118 | 87
WikiTalk Communication 120,834 237,551 54 27
Slashdot Comments 77,360 469,180 54 26
loc-gowalla Locations 196,591 950,327 51 29
DBLP Collaboration 317,080 1,049,866 113 | 113
web-Stanford Web 281,903 1,992,636 71 61
web-Google Web 916,428 4,322,051 44 44
as-skitter Web 1,696,415 11,095,298 111 67
Wikipedia-link Hyperlink 3,033,374 43,845,958 175 | 124
zhishi-baidu Hyperlink 7,827,193 62,246,014 267 | 268
ew-2013 Social 4,206,785 101,355,853 145 41
Orkut Social 3,072,627 117,185,083 253 51
Friendster Social 124,836,180 | 1,806,067,135 | 304 | 129
6.1 Setup
= CoreApp =fif= KClist++ SCTL ==@= KCCA
INF O O O & INF O O gm0
6 3
s | 10° 102 10%| o/ 103 f
jg 0! ‘/ 102 o 10% 10
10 - 1 2
E A 10! 10 10
P L o go— 10° oo plooeeo
5 7 9 1113 5 7 9 1113 5 7 9 1113 7 9 11 13 15 7 9 11 13 15
k k k k k
(a) bio-SC-GT (b) WikiTalk (c) loc-gowalla (d) DBLP (e) web-Stanford
INI; D & INF i INF & INF fa—a—a——=_ INF =
= 103 10 105 105 10° %;
g 10°|g 104 104 104 104[*
3 10! 10}[e—e—e—e—o| 103 10° 10° Ce—-6-o o
2 2 2 2
711151925 0711151923 19711151925 101015202530 1970 15 20 25 30
k k k k k

(f) web-Google (g) as-skitter (h) Wikipedia-link (i) zhishi-baidu (j) ew-2013

Fig. 7. Effect of k on the efficiency of CoreApp, KClist++, SCTL, and KCCA.

Datasets. We use 14 real-world datasets from different domains, which are downloaded from
the Stanford Network Analysis Platform 4, Laboratory of Web Algorithmics °, Network Repository
6, and Konect 7. Their detailed descriptions can also be found on these websites. Table 4 reports the
statistics of these graphs, where § denotes the degeneracy of graph, and K denotes the size of the
maximum clique.

Competitors. We evaluate the following approximation algorithms for the CDS problem:

« KCCA: our proposed algorithm in Section 5.2.
« CoreApp [23]: the core-based algorithm, which uses (A4, k-clique)-core as an approximation
solution of CDS, where (h, k-clique)-core is the maximal subgraph in which each vertex is

*http://snap.stanford.edu/data/
Shttp://law.di.unimi.it/datasets.php
Shttps://networkrepository.com/network-data.php
http://konect.cc/networks/
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contained by at least h k-cliques in the subgraph, and h,,,y is the largest h such that the (h,
k-clique)-core exists. Besides, to make a fair comparison, we have recently re-implemented
CoreApp in C++, which is much faster than the original implementation in Java [23].
« KClist++ [56]: the convex programming based algorithm, which is recapped in Section 3.1.
« SCTL [31]: the state-of-the-art approximation algorithm, which is discussed in Section 3.2.

Note that CoreApp [23] provides a k-approximation ratio solution, while others achieve a (1 + €)-

approximation. We follow the state-of-the-art CDS work [31] to set the default number of iterations
T=10. We implement all the algorithms in C++ and run experiments on a machine having an Intel(R)
Xeon(R) Gold 6338R 2.0GHz CPU and 512GB of memory, with Ubuntu installed. If an algorithm
cannot finish in two weeks, we mark its running time as INF in the Figure and “—” in the Table. In
our experiments, we have already included the time cost of building the SCT in all results, which
means that our algorithm is purely online without offline prepossessing.
Running Details. For any ¢, the upper bound of T is calculated by Theorem 5.7. In our experiments,
we follow the existing works [31, 56]: For any €, each (1 + ¢)-approximation algorithm (any of KCCA,
KClist++, and SCTL) starts with T = 1 and runs for T iterations. Then, we check if the estimated
error is less than e. If yes, the algorithm stops; otherwise, T is set to T X 2 and the process repeats
until the error criterion is met. Note that the empirical value of T is usually much smaller than the
upper bound.

6.2 Comparison with existing CDS algorithms
In this section, we extensively compare KCCA with KClist++ and SCTL by various experiments.

Table 5. Efficiency on Orkut and Friendster datasets.

KClist++ SCTL KCCA
Dataset | k . X .
1+e Time(s)|1+€ Time(s)| 1+e Time (s)
15| NA — NA — < 1.01 25,310
20 | NA — NA — < 1.01 25,504
Orkut 25| NA — NA — < 1.01 15,923
30 | NA — NA — < 1.01 13493
35| NA — NA — < 1.01 9,939
15| NA — NA — <1.01 11,821
25| NA — NA — < 1.01 7,770
35| NA — NA — < 1.01 7,129
Friendster | 45 | NA — NA — < 1.01 7,240
55| NA — NA — < 1.01 6,269
65| NA — NA — < 1.01 6,951
75 | NA — NA — < 1.01 7,466

1. Effect of k. Figure 7 compares the average running time of these three algorithms on ten
datasets by varying the clique size k, where k=5~30 and T=10. Clearly, KCCA is up to six orders of
magnitude faster than KClist++ and SCTL, since it does not require enumerating the k-cliques,
whereas KClist++ and SCTL struggle to enumerate a large number of k-cliques. Besides, for most
of the datasets, the running time of KClist++ and SCTL increases with the growth of k, while the
time cost of KCCA remains stable for different k, since its time complexity is independent of k as
shown in Table 1. Moreover, it is evident that KCCA typically requires less time as k increases. This
is because a larger k results in a smaller SCT (with the (k — 1)-core decreasing in size), thus reducing
the number of paths that KCCA needs to traverse.

In addition, we consider the values of k, such that the numbers of k-cliques reach the maximum
values on the two largest datasets. As shown in Figure 2, when k=25 and 75, the numbers of
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Fig. 8. The number of cliques w.r.t. speedup ratio.

k-cliques, i.e., 10'® and 103, are maximized on Orkut and Friendster datasets, respectively. Table
5 reports the running time and approximation ratios of KClist++, SCTL, and KCCA, where the
numbers of iterations are set to 10. We use “NA” to denote that the algorithm could not be finished
within two weeks. Clearly, by using a few thousands of seconds, KCCA can obtain solutions that are
extremely close to optimal, since its approximation ratio is 1.01. However, both KClist++ and SCTL
can not finish it within two weeks under all settings due to the overwhelming number of k-cliques
on these datasets. To our best knowledge, KCCA is the first algorithm that can produce solutions
with an approximation ratio of 1.01 for graphs with billions of edges.

Table 6. Comparison of actual approximation ratios.

Dataset | k | CoreApp | KClist++ [ SCTL | KCCA

5 1.399 1.001 1.052 | 1.006

7 1.286 1.002 1.033 | 1.006

WikiTalk 9 1.283 1.003 1.027 | 1.006
11 1.295 1.006 1.023 | 1.006

13 1.179 1.013 1.013 | 1.009

5 1.380 1.016 1.052 | 1.023

7 1.785 1.000 1.000 | 1.000

loc-gowalla | 9 1.541 1.000 1.000 | 1.000
11 1.523 1.000 1.000 | 1.000

13 1.505 1.001 1.011 | 1.010

2. Effect of ¢. We evaluate the effect of € using nine datasets from different domains, where
each domain has a dataset, and the values of € are set to 1, 0.1, 0.05, and 0.01, respectively. The
experimental results are reported in Table 7, which clearly shows that KCCA outperforms the other
algorithms on all datasets. Particularly, on DBLP dataset, KCCA is up to seven orders of magnitude
faster than both KClist++ and SCTL That is, KCCA obtains a (1 + €)-solution with € < 0.01 in around
100ms, while the other algorithms fail to complete it in two weeks. For around half of the datasets,
KCCA is over four orders of magnitude faster than the two competitors. In addition, on the smallest
datasets (bio-SC-GT and econ-beacxc), both KClist++ and SCTL struggle to produce reasonable
solutions within two weeks in most cases, while KCCA takes only a few seconds and minutes to
achieve solutions with € < 0.01 on the bio-SC-GT and econ-beaxcx datasets respectively. This is

Proc. ACM Manag. Data, Vol. 2, No. 3 (SIGMOD), Article 119. Publication date: June 2024.



119:20 Yingli Zhou, Qingshuo Guo, Yixiang Fang, and Chenhao Ma

Table 7. Effect of € and k. (Processing time (in seconds) of kClist++, SCTL, and KCCA; We terminate an
algorithm if the upper bound of its approximation ratio is less than 1+¢; If an algorithm cannot finish in two
weeks, we mark its running time as “—"; Best performers are highlighted in bold; We use , purple,
green, blue, and red colors to denote the cases with 3, 4, 5, 6, and 7 orders of magnitude of improvement over
the best competitor, respectively.)

k=7 k=11 k=15 k=19 k=23
Dataset €
KClist++ SCTL  KCCA| KClist++ SCTL  KCCA| KClist++  SCTL  KCCA| KClist++  SCTL  KCCA| KClist++ SCTL  KCCA
1 9.6 256 0.3 3,532 5,581 0.3| 343,856 609,173 0.2 — - 0.2 — - 0.2
) 0.1 25.6 682 0.3 14,343 47,061 0.3 — - 0.2 — - 0.2 — - 0.2
bio-SC-GT
0.05 57.8 504 0.4 27,571 126,072 0.3 — — 0.2 — - 0.2 — - 0.2
0.01 1856  198.2 1.3 190,755 544,825 1.2 — - 07 — — 0.6 — — 0.6
1 2,690 11,572 34 — — 516 — — 515 — — 43.1 — — 513
0.1 2,690 11,572 34 — — 516 — — 515 — — 43.1 — — 513
econ-beacxc
0.05 2,690 11,572 34 — — 516 — — 515 — — 43.1 — — 513
0.01 2,690 356,885 172
1 53 24 14 133 34 1.4 362 47 1.3 70 43 0.7 3.6 03 0.2
- 0.1 53 6.6 1.4 133 117 14 1,001 164 1.8 225 7.4 1.3 12.5 05 03
WikiTalk
0.05 53 11.7 1.4 227 244 1.4 1,532 245 2.6 361 132 2.1 21.1 0.6 0.5
0.01 10.5 815 4.7 604 992 4.9 4,292 835 7.3 1,114 89.8 7.2 66.5 1.3 0.9
1 4.3 30 04 161.8 26.7 0.4 453 643 0.3 126.3 62 02 3.4 0.8 0.1
Slashdot 0.1 4.3 45 04 161.8 498 04 453 1246 0.3 126.2 109 0.3 6.3 0.8 0.1
ashdo
0.05 4.3 74 0.7 161.8 953 0.4 788 2455 0.6 249.8 202 0.6 10.6 1.0 0.2
0.01 8.3 45.0 2.1 566.2 369.6 2.0 2,344 8464 1.8 652.6 72.6 3.2 30.7 1.5 0.6
1 2.2 24 14 7.1 4.6 1.1 14.0 74 0.8 9.5 24 0.6 1.6 04 04
0.1 2.2 9.1 2.2 7.1 4.6 1.1 14.0 74 0.8 9.5 24 0.6 1.6 04 04
loc-gowalla
0.05 4.1 9.0 3.0 7.1 12.7 1.1 14.0 140 0.9 9.5 78 0.6 1.6 0.5 04
0.01 11.6 290 74 13.8 440 4.2 27.8 105.5 1.2 18.6 29.1 0.7 4.7 1.1 0.5
1 — - 03 — - 0.2 — — 0.1 — — 0.1
0.1 444 28,092 0.6 — - 03 — - 0.2 — - 0.1 — - 0.1
DBLP
0.05 444 53,200 0.7 — - 03 — - 0.2 — - 0.1 — — 0.1
0.01 444 53,200 0.7 — - 03 — — 0.2 — - 0.1 — - 0.1
1 15.2 93 39 608 2,197 2.2 28,457 56,255 1.3| 300,165 269,466  0.6| 691,236 531,339 0.4
b-G ) 0.1 28.4 738 5.5 608 8,306 2.2 28,457 56,255 1.3| 300,165 269,466 0.6 691,236 531,339 0.4
web-Google
& 0.05 82.2 141.0 8.5 608 8306 2.2 28,457 56,255 1.3| 300,165 269,466  0.6| 691,236 531,339 0.4
0.01 82.2 2839 12.8 1,209 16,162 2.6 55,654 185,611 1.3 539,244 — 0.6 — - 04
1
0.1
zhishi-baidu
0.05
0.01
1 624 796 606 11,053 5,004 583 143,428 90,743 491| 593,939 275,731 467| 614,511 132,808 356
2013 0.1 1,327 1,554 815 32,815 17,592 702| 485,016 355,844 548
ew-
0.05 2,221 2,333 1,015 54,955 34,398 702| 788,963 355,845 696
0.01 3,827 6,523 3,525| 179,164 137,710 1,598

because real-world biological and economic datasets often contain a vast number of k-cliques, as
shown in Figure 2. Besides, we present the number of iterations w.r.t € on three datasets with k
= 11 in Figure 9. We can observe that the empirical number of iterations required for these three
algorithms shows comparable results (more details results are in our technical report [50]).

3. Effect of clique numbers. We investigate the effect of the number of cliques on algorithms’
performance. Specifically, we vary k from 5 to 13 with T=10, and report the speedup of KCCA over
the better one from SCTL or KClist++ across seven datasets in Figure 8. We omit the results when
the number of cliques is larger than 103, since SCTL or KC1ist++ cannot finish 10 iterations within
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two weeks. We observe that as the number of k-cliques increases, KCCA yields larger improvements,
since it does not rely on clique enumeration, and its time complexity is independent of the number
of k-cliques as shown in Table 1.

4. Actual approximation ratio. In Table 6, we report the actual approximation ratios of the
approximation solutions returned by each algorithm on WikiTalk and loc-gowalla, where the
numbers of iterations are set to 10. We observe that both KClist++ and kCCA yield near-optimal
approximations, and they outperform CoreApp and SCTL in terms of accuracy. Hence, CoreApp
performs worse than KCCA in terms of both efficiency and accuracy.

== KClist++ SCTL =@= KCCA
10° 10° 10!
10! Pl 10' 2 10! ﬁ
10°f 10° D—BJ 100 10° 10° D—j
1 0.10.050.01 1 0.10.050.01 1 0.10.050.01 1 0.10.050.01 1 0.10.050.01
€ € € € €
(a) bio-SC-GT (b) WikiTalk (c) Slashdot (d) loc-gowalla (e) web-Google
Fig. 9. The number of iterations w.r.t €.
6.3 Detailed analysis of KCCA
We perform an in-depth evaluation and analysis of KCCA.
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Fig. 10. Scalability test for KCCA algorithm.

1. Time cost of different steps in KCCA. Recall that KCCA sequentially performs the following
three steps: (1) reducing the original graph to (k — 1)-core (coreReduce), (2) building the SCT
(buildTree), (3) updating vertex weights with T iterations via SCT updateIter. Figure 11 shows
the time cost of these three steps on ten datasets, where k = 15, T = 10, and the graphs are assumed
to be loaded into memory. Note that all results reported in our paper include the time of the above
three components. We see that buildTree is the most computationally expensive step on the large
graphs. For example, the time cost of buildTree on ew-2013 and Friendster datasets is significantly
larger than that on other datasets. Besides, on the other datasets, we observe that the third step
accounts for a relatively large portion of the total time during the execution of KCCA.

2. The impact of degeneracy on algorithm performance. In this experiment, we we evaluate
the effect § of the graph on the performance of our proposed algorithm (KCCA) withk =7 and T =
10. Specifically, for each graph, we first randomly select 20%, 40%, 60%, 80%, and 100% of its vertices
and then obtain five sub-graphs induced by these vertices, respectively. Afterwards, we run KCCA
on these sub-graphs, and report both the average efficiency results and the values of § for each
sub-graph. The result is given in Figure 10. We observe that the running time of KCCA on all datasets
is proportional to the value of §, which is aligned with our previous complexity analysis in Table 1.
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3. Ablation study of weight update strategies and orderings. In this experiment, we evaluate
the effect of two key optimization techniques: weight update strategies and orderings. We develop
six different algorithms with different update strategies and orderings to compare the variants
between KCCA-Basic and KCCA. The detailed descriptions of the different variants are shown in
Table 8. We then run these six algorithms on four datasets with T=10, report the approximation
ratios in Table 9, and present the efficiency results on four datasets in Figure 12.

Table 8. Descriptions of the different variants.

Name Update Order | Update Strategy
KCCA-Basic (KB) | Random Sequential
KCCA-BP (KBP) Depth Sequential
KCCA-BG (KBG) Degeneracy Sequential
KCCA-RA (KRA) Random Simultaneous
KCCA-DP (KDP) Depth Simultaneous
KCCA Degeneracy Simultaneous
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Fig. 12. Efficiency comparison of variants algorithms.

. Data, Vol. 2, No. 3 (SIGMOD), Article 119. Publication date: June 2024.



A Counting-based Approach for Efficient k-Clique Densest Subgraph Discovery 119:23

Table 9. Comparison of actual approximation ratios (Red denotes the best result, and Green denotes the best
result excluding KCCA).

KB KBP KBG KRA KDP | KCCA

D

ataset k l+e | 1+e€ 1+e | 1+¢€ 1+¢€ 1+e€
5 | 1.139 | 1.139 | 1.139 | 1.037 1.058 | 1.018
7 1.183 | 1.183 | 1.183 | 1.011 1.043 | 1.011

bio-SC-GT 9 | 1.218 | 1.218 | 1.218 | 1.074 1.047 | 1.006
11 | 1.278 | 1.278 | 1.278 | 1.076 1.018 | 1.009

13 | 1.365 | 1.365 | 1.365 | 1.084 | 1.061 | 1.022

5 | 1.192 | 1.192 | 1.192 | 1.061 | 1.078 | 1.006
7 | 1.295 | 1.295 | 1.295 | 1.052 | 1.067 | 1.007
WikiTalk 9 | 1.345 | 1.345 | 1.345 | 1.040 | 1.051 | 1.007
11 | 1.478 | 1.478 | 1.478 | 1.042 | 1.026 | 1.006
13 | 1.466 | 1.466 | 1.466 | 1.021 | 1.052 | 1.009

5 | 1.395 | 1.395 | 1.395 | 1.072 | 1.056 | 1.024
7 | 1.838 | 1.838 | 1.838 | 1.059 | 1.058 | 1.016
loc-gowalla | 9 | 1.497 | 1.497 | 1.497 | 1.011 | 1.016 | 1.007
11 | 1.103 | 1.103 | 1.103 | 1.017 | 1.021 | 1.006
13 | 1.081 | 1.081 | 1.081 | 1.017 | 1.021 | 1.006

7 | 1.944 | 1.944 | 1.944 | 1.121 | 1.102 | 1.032
9 | 2195 | 2195 | 2.195 | 1.138 | 1.122 | 1.040
web-Stanford | 11 | 2.540 | 2.540 | 2.540 | 1.148 | 1.126 | 1.049
13 | 3.051 | 3.051 | 3.051 | 1.328 | 1.188 | 1.041
15 | 3.305 | 3.305 | 3.305 | 1.219 | 1.154 | 1.056

We make the following observations and analysis: (1) The running time of all six algorithms
is almost the same, but the approximation ratios of the results of these six algorithms differ
significantly. (2) The different update orderings under the sequential weight update strategy give
the same result, as the vertex weight changes (i.e., sum across all k-cliques containing it) are the
same w.r.t. different orders, as shown in the first three columns of the table. (3) Those algorithms
that use the simultaneous weight update strategy consistently achieve lower approximation ratios
than algorithms with the sequential weight update strategy, regardless of the update order. This
result implies that the simultaneous weight update strategy indeed plays a crucial role in reducing
the number of iterations. (4) For the later three algorithms, the random order and depth order result
in comparable performance, but the degeneracy order is much better than them. Thus, we adopt
the degeneracy order in our algorithms. Besides, we can infer from the results that if we want all
algorithms to achieve the same empirical approximation ratios, the algorithms that perform worse
in Table 9 need more iterations and time cost.

7 RELATED WORKS

This section reviews the existing works of edge-density-based densest subgraph problem and
k-clique densest subgraph problem. Other variants of the densest subgraph problem are also
discussed.

e Edge-density-based densest subgraph (EDS). EDS aims to find the subgraph with the
maximum average degree [2, 4-9, 21, 29, 30, 39, 55, 58]. This problem can be addressed by solving
a parametric maximum-flow problem [29], which establishes a framework for conducting a binary
search on the maximum density and using a flow network as a verification tool for EDS. In general,
exact EDS solutions are suitable for small graphs, but their performance declines for larger graphs.
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Consequently, researchers have turned to approximation algorithms [6, 11, 23, 37] to enhance
efficiency. The peeling algorithm for k-core decomposition runs in linear time and provides a
2-approximation [11]. In addition, the EDS problem can be formulated as a convex programming
and solved by the Frank-Wolfe algorithm [19, 30, 33, 56].

o k-clique densest subgraph (CDS). The CDS problem is proposed to better detect “near-clique”
subgraphs [22, 23, 31, 42, 47, 60]. Notably, when k = 2, this problem reduces to the well-known EDS
problem. The maximum-flow based algorithm is extended to solve this problem [23, 47, 60]. Fang
et al. [23] proposed a cohesive subgraph model (h, k-clique)-core for graph reduction, where (h,
k-clique)-core is the maximal subgraph in which each vertex is contained by at least h k-cliques
in the subgraph. Besides, they prove that the (Apqx, k-clique)-core is a k-approximation of the
CDS, where hp,y is the largest h such that the (h, k-clique)-core exists. In addition, the convex
programming based algorithms [31, 56] have been studied, which are extensively reviewed in
Section 3.

e Other variants of the densest subgraph problem. Many variants of EDS have been studied
[3, 17, 24, 44, 49, 55, 65]. The densest k-subgraph problem (DkS) aims to maximize the number of
edges in a subgraph with k vertices, which is NP-hard [24]. Another version of EDS called optimal
quasi-clique [61], extracts a subgraph, which is more compact, with a smaller diameter than the
EDS. Again, this variant is NP-hard [62]. To identify locally dense regions, Qin et al.[49] proposed
the top-k locally densest subgraphs problem, and Ma et al. [44] proposed a convex programming
solution based on density-friendly graph decomposition [19]. In addition, [64] studies the P-mean
densest subgraph problem and proposes a generalized peeling algorithm. To personalize search
results, the anchored densest subgraph problem [17] aims to maximize R-subgraph density of the
subgraphs containing an anchored node set. Besides, the directed densest subgraph problem is also
well studied [43, 45, 46]. Recently, the fair densest subgraph problem and diverse densest subgraph
problems [1, 48] have been explored to achieve equitable outcomes and overcome algorithmic bias.

8 CONCLUSIONS

In this paper, we investigate the problem of efficient k-clique densest subgraph (CDS) discovery.
The existing CDS algorithms, either k-core or convex programming based solutions, often need to
enumerate almost all the k-cliques, which is very inefficient because real-world graphs usually have
a vast number of k-cliques. To improve the efficiency, we first propose a novel framework based on
the Frank-Wolfe algorithm, which only needs k-clique counting, rather than k-clique enumeration,
where the former one is often much faster than the latter one. Based on the framework, we develop
an efficient approximation algorithm, by employing the state-of-the-art k-clique counting algorithm
and proposing several optimization techniques. Our experimental results on 14 real-world large
graphs show that our proposed algorithm is effective and efficient for the CDS problem and achieves
up to seven orders of magnitude faster than the state-of-the-art algorithm. In the future, we will
design distributed algorithms for the CDS problem to handle extremely large graphs that cannot be
kept by a single machine.
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